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An analysis was carried out to study the performance of spine fins of different configurations when
subjected to simultaneous heat and mass transfer mechanisms. The temperature and humidity ratio
differences are the driving forces for the heat and mass transfer, respectively. Analytical solutions are
obtained for the efficiency and temperature distribution over the spine surface when the surface
condition is fully wet. A correction chart is developed to correct the value of the dry fin parameter if the
fin surface condition is fully wet. The effect of atmospheric pressure on the spine efficiency was also
studied as well as the spine optimum geometries were obtained such that a maximum amount of heat
transfer rate occurs. It is shown that the closed-form solution for a dry spine case discussed in text books
is a special case for the solutions presented in this paper.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Extended surfaces are used to enhance the heat transfer rate
between a solid and an adjoining fluid. Extended surfaces of
circular cross-section are called spines. They are widely used in
many types of heat exchangers for numerous thermal engineering
applications. A recent detailed review of the extended surfaces with
basic heat transfer treatment was performed by Razelos [1].
However, in cooling and dehumidification processes that takes
place in refrigeration and air conditioning equipment, heat and
mass transfer occurs simultaneously when the spine surface
temperature is lower than the dew point temperature of incoming
air. In this case, the incoming moist air condenses on the spine
surface. Therefore, the performance of these equipment or heat
exchangers is mainly depending upon the performance (or effi-
ciency) of spines.

Several attempts have been made to analyze the efficiency of
extended surfaces with simultaneous heat and mass transfer.
Kuehn et al. [2] used enthalpy difference as the driving force for the
combined heat and mass transfer process to obtain an analytical
expression for the overall fin efficiency. They assumed a linear
relationship between the air temperature and the corresponding
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air).
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saturated air enthalpy. Physically, the difference in temperature and
humidity ratio between the incoming air and the existing one on
the fin surface are driving forces for the heat and mass transfer,
respectively. It is demonstrated by Kuehn et al. [2] that the two
driving forces can be combined into one which can be converted
into the enthalpy difference under certain assumptions.

The overall efficiency of a fully wet straight fin is studied
analytically by McQuiston [3]. He assumed that the driving force for
the mass transfer, as given by the difference in the humidity ratio
between the incoming air and the existing on the fin surface, is
linearly related to the corresponding temperature difference. An
analytical solution for the fin efficiency similar to that of the fin
efficiency with only heat transfer (no mass transfer) was obtained.
McQuiston demonstrated that the overall fin efficiency depends
strongly on the relative humidity of the incoming air stream.
Elmahdy and Biggs [4] studied numerically the overall fin efficiency
of a circular fully wet fin. They considered a linear relationship
between the humidity ratio of saturated air on the fin surface and
its temperature, which is some what different than McQuiston’s [3]
model. Numerical solutions for a specific circular fin were pre-
sented. Their results indicate that the fin efficiency strongly
depends on the relative humidity.

Coney et al. [5] studied heat and mass transfer mechanism in
a layer adjacent to the condensate layer with heat conduction
through the fin. They predicted numerically the fin surface
temperature distribution, condensate film thickness and fin
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Nomenclature

a1, a2 parameters defined in Eqs. (12) and (15), kgw kga
�1

A cross-sectional or surface area, m2

b1, b2 parameters defined in Eqs. (13) and (16), kgw kga
�1 K�1

B parameter defined in Eq. (7), �C
C constant defined in Eq. (10), kgw kga

�1 K�1

Co parameter defined in Eq. (19), kgw kga
�1 K�1

CF correction factor equal to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2B

p
cp specific heat of incoming moist air stream, J kg�1 K�1

d diameter, m
d* dimensionless spine base diameter defined in Eq. (66)
h heat transfer coefficient on the air side, W m�2 K�1

hD mass transfer coefficient, kg m�2 s�1

ifg latent heat of evaporation of water, J kg�1

k thermal conductivity of the spine material, W m�1 K�1

L spine length, m
Le Lewis number
m wet spine parameter defined in Eq. (18), m�1

mo dry spine parameter defined in Eq. (6), m�1

n spine profile exponent in Eq. (1)
N constant in Eq. (66)
P perimeter, m
patm atmospheric pressure, Pa

q heat transfer rate, W
RH air relative humidity
T temperature, �C
V spine volume, m3

x distance from the spine tip, m
X dimensionless distance from the spine tip

Greek symbols
h spine efficiency
q dimensionless temperature defined in Eq. (8)
qp dimensionless parameter defined in Eq. (27)
l parameter defined in Eqs. (43), (49), (55) and (61)
u humidity ratio of air, kgw kga

�1

U dimensionless humidity ratio defined in Eq. (9)

Subscripts
a air
b base
dp dew point
fw fully wet
max maximum
opt optimum
s surface
t tip
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efficiency for a fin in a laminar humid cross-flow air arrangement.
While, Chen [6] developed a two-dimensional model to analyze the
fin performance with combined heat and mass transfer, he
considered a second-degree polynomial relationship between the
dry bulb temperature and humidity ratio for the saturated air.

Wu and Bong [7] provided an analytical solution for the effi-
ciency of a straight fin under both fully wet and partially wet
conditions by considering the temperature and humidity ratio
differences as the driving forces for heat and mass transfer. They
assumed the same linear relationship between the humidity ratio
of saturated air on the fin surface and its temperature as that
considered by Elmahdy and Biggs [4]. It is, however, important to
note that the slope of this linear relationship is obtained by an
iterative procedure so that the fin tip temperature can be obtained.
Their result shows that there is no significant change of the fin
efficiency with the relative humidity.

Kazeminejad [8] studied a rectangular fin assembly under
completely wet condition. He used the concept of sensible to total
heat ratio which is used in the psychrometric calculations to obtain
a numerical solution for his model. His results showed that
a significant decrease in fin effectiveness occurs as the amount of
dehumidification increases. While Rosario and Rahman [9] inves-
tigated the radial fin assembly under completely wet operating
conditions, they assumed a fixed sensible to total heat ratio to
obtain their numerical solution. Their results demonstrated that
there is a strong relationship between the fin efficiency and the
relative humidity of incoming air.

El-Din Sala [10] investigated the performance of a partially wet
fin assembly by assuming the same linear relationship between the
temperature and the specific humidity that was used by McQuiston
[3]. While, Laing et al. [11] introduced a polynomial variation of
specific humidity with the fin surface temperature to establish
a distributed simulation model for predicting steady state perfor-
mance of a direct expansion air-cooling coil, they used a numerical
method to calculate the partially wet and fully wet fin efficiency by
taking into account the refrigerant pressure drop along the coil. In
fin-and-tube heat exchangers under dehumidifying conditions, Lin
et al. [12] reported a systematic study for determining the heat
exchanger performance with the variation of design parameters
such as inlet conditions, fin spacing and number of tube rows on
the heat transfer characteristics. They estimated the fin efficiency
by equivalent circular area and sectors’ methods.

Kundu [13] studied analytically the performance and optimi-
zation of straight taper fins under dehumidification condition,
while, Kundu and Das [14] developed a generalized analytical
technique for longitudinal, annular and pin fins under dry as well as
fully wet conditions. In these papers [13,14], mathematical formu-
lation was based on the assumption of same linear relationship
between the temperature and the specific humidity that was used
by Wu and Bong [7]. In addition, they presented an analytical
method based on Frobenius power series expansion to solve the
governing differential equation. Naphon [15] numerically investi-
gated the annular fin geometry under dry-, partially wet-, and fully
wet-surface conditions. He used a third-degree polynomial corre-
lation for the relationship between the dry bulb temperature and
the humidity ratio for the saturated air.

Recently Sharqawy and Zubair [16–18] studied the efficiency and
optimization of an annular fin [16], and straight fin [17] with
combined heat and mass transfer. They used a modified linear
relationship between the temperature and the specific humidity and
were able to introduce a new fin parameter which can be used to
determine the fin efficiency in fully wet and dry conditions. This
modified linear relationship was tested in Ref. [18] by solving the
nonlinear governing differential equation numerically and
comparing the results with that obtained from the analytical solution
[16]. It was found that the difference in the fin efficiency obtained
analytically and numerically does not exceed more than �3%.

It is important to note from the above studies that a linear model
is generally used between the mass driving force and the tempera-
ture on the fin surface to solve the governing equation analytically.
However, an iterative procedure should be carried out to get the fin
tip temperature in order to establish the slope of the linear rela-
tionship. Therefore, the analytical solutions introduced by many
investigators [3,4,7,10,13,14] cannot be used directly to determine
the fin efficiency. We emphasize that he modified linear relationship
provided by Sharqawy and Zubair [16,17] as well as the new fin
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parameter introduced in their work, make it easy to use the
analytical solution. This result can be directly used to carry out the
fin temperature distribution in addition to the overall fin efficiency
for both fully wet and dry conditions.

The objective of this paper is to extend the usage of the modified
linear relationship between the temperature and the specific
humidity that was introduced in Sharqawy and Zubair [16,17] to
solve the governing equations of spine fins having different
configurations. Subsequently, to present an analytical solution for
the temperature distribution and spine fin efficiency under fully
wet condition, we consider the temperature and humidity ratio
differences as the driving forces for heat and mass transfer mech-
anisms, respectively. The effect of atmospheric pressure on the
spine efficiency is also investigated, in addition to the optimum
dimensions of spine fins.

2. Mathematical analysis

A steady state analysis is carried out on a spine of circular cross-
section and arbitrary profile when exposed to moving moist air
stream, as shown in Fig. 1. In this regard, the following assumptions
are made to simplify the analysis.

(a) There is a steady state heat flow.
(b) There are no heat sources or sinks in the spine.
(c) The temperatures of surrounding fluid and spine base are

uniform.
(d) The spine material is homogeneous and isotropic.
(e) The moist air flow is steady and with uniform velocity.
(f) The thermal conductivity of spine, heat transfer coefficient and

latent heat of condensation of water vapor are constant.
(g) The thermal resistance associated with the presence of thin

water film due to condensation is small and may be neglected.
(h) The effect of air pressure drop due to air flow is neglected.

These are essentially the classical assumptions that are typically
used for the analysis of extended surfaces. It may be noted that the
assumption of negligible thermal resistance in the condensate film
is valid as demonstrated by Coney et al. [19,20] for relative
humidity and dry bulb temperature up to 90% and 35 �C, respec-
tively. For example, during the humidification process, the thick-
ness of condensate film is much smaller compared to the boundary
layer thickness for forced convection. It is expected that the rate of
condensation increases with increase of both the dry bulb
temperature and the relative humidity of incoming air. However,
the condensate film drains off spine surface due to gravity as well as
by forced air flow.
Tb

Air Flow Ta, ωa

L

dx x

qq+dq

T, ω

db

Fig. 1. Schematic of a fully wet spine fin.
Spines can be classified according to its profile as shown in
Fig. 2. The spine profile is defined according to the variation of spine
circular cross-section along its extended length. The diameter of
the circular cross-section may vary as

d ¼ db

�x
L

�n
(1)

where db is the diameter at spine base. The spine profile exponent
n, changes as follows:

(a) Spine of rectangular profile (n¼ 0) d ¼ db
(b) Spine of triangular profile (n¼ 1) d ¼ dbðx=LÞ
(c) Spine of convex parabolic profile (n¼½) d ¼ dbðx=LÞ1=2

(d) Spine of concave parabolic profile (n¼ 2) d ¼ dbðx=LÞ2

The general differential equation that is obtained from an
energy balance on an elemental volume of spine normal to the
direction of heat flow, as shown in Fig. 1 is given as

d
dx

�
kA

dT
dx

�
þ PhðTa � TÞ þ PhDifgðua � uÞ ¼ 0 (2)

The heat transfer and mass transfer coefficients are related by
the following Chilton–Colburn analogy [2]:

h
hD
¼ cpLe2=3 (3)

Therefore, the energy balance on elemental volume results in the
following dimensionless differential equation.

Xn d2q

dX2 þ 2nXn�1 dq

dX
¼ m2

oL2
�

qþ B
ua � ub

Ta � Tb
U

�
(4)

where

X ¼ x
L

(5)

mo ¼

ffiffiffiffiffiffiffiffi
4h
kdb

s
(6)

B ¼
ifg

cpLe2=3
(7)

q ¼ Ta � T
Ta � Tb

(8)

and

U ¼ ua � u

ua � ub
(9)

We emphasize that the latent heat of water evaporation, Lewis
number and specific heat of air can be assumed to be constants
(a) Rectangular
spine profile
(n = 0)

(b) Triangular
spine profile
(n = 1)

(c) Convex-
parabolic spine
profile (n = 1/2)

(d) Concave-
parabolic spine
profile (n = 2)

Fig. 2. Schematic of different spine fin profiles.
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because the variations are not significant for a typical spine oper-
ating conditions. Thus B can be considered as a constant in Eq. (4)
and has an average value of 2415 �C. Within a practical range of the
air temperature and relative humidity, the variation of B value is
within �1.6% of the average value. This variation has a negligible
effect on the solution.

To solve Eq. (4), an additional equation for u is required.
McQuiston [3] considered the following variation of specific
humidity with temperature,

ua � u ¼ CðTa � TÞ (10)

where C is a constant. While this assumption simplifies the solution
of differential equation, it is not a wide-ranging physical relation-
ship. Eq. (4) still can be solved by making use of the fact that air
near the spine surface is saturated, similar to the work of Elmahdy
and Briggs [4]. However, Wu and Bong [7] used a linear relationship
between u and T over the temperature range (Tb< T< Tt), given by

u ¼ a1 þ b1T (11)

where

a1 ¼ ub �
ut � ub

Tt � Tb
Tb (12)

b1 ¼
ut � ub

Tt � Tb
(13)

While this assumption seems physically acceptable; we still don’t
know the temperature at the spine tip. Therefore we cannot
calculate the constants a1 and b1 before solving the temperature
distribution over the spine surface. Another improved linear rela-
tionship that is suggested by Sharqawy and Zubair [16] between u

and T over the temperature range (Tb< T< Tdp) can be expressed as

u ¼ a2 þ b2T (14)

where

a2 ¼ ub �
udp � ub

Tdp � Tb
Tb (15)

b2 ¼
udp � ub

Tdp � Tb
(16)

Here the parameters a2 and b2 can be calculated from the ambient
air conditions and spine base temperature. There is no need for any
iterative procedures to find these parameters. The spine tip
temperature for fully wet condition should be lower than or equal
to the dew point temperature, Tdp of the incoming air stream. This
linear relationship was tested by Sharqawy and Zubair [18] by
solving the nonlinear governing differential equation numerically
and comparing the results with that obtained from the analytical
solution. It was found that this assumption has a negligible effect on
the results as mentioned earlier.

Substituting Eq. (14) into Eq. (4), we get

Xn d2q

dX2 þ 2nXn�1 dq

dX
�m2L2q ¼ m2

oL2BCo (17)

where

m ¼ mo
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2B

p
(18)

Co ¼
ua � a2 � b2Ta

Ta � Tb
(19)
Note that Eq. (17) is a nonhomogeneous second-order differential
equation with the following boundary conditions:

At X ¼ 0;
dq

dX
¼ 0 (20)

At X ¼ 1; q ¼ 1 (21)

It is considered (refer to Eq. (20)) that heat transfer from the tip is
negligible compared to that dissipated through the sides (i.e., the
tip of spine is insulated).
2.1. Spine of rectangular profile (n¼ 0)

The solution of Eq. (17) for n¼ 0 when subjected to boundary
conditions (20) and (21) gives the temperature distribution along
the spine surface of rectangular profile in the form

qþ qP

1þ qP
¼ coshðmLXÞ

coshðmLÞ (22)

where

qp ¼
BCo

1þ b2B
(23)

The actual heat rate transferred to the spine surface, q, can be
calculated from

q ¼ k
Ab

L
ðTa � TbÞ

dq

dX

				
X¼1

(24)

where Ab is the cross-section area at the spine base. This gives

q ¼ kAbmðTa � TbÞ


1þ qp

�
tanhðmLÞ (25)

The maximum heat transfer rate, qmax, that would exist if the entire
spine surface was at the base temperature and saturated humidity
ratio corresponding to this temperature can be calculated by the
following equation:

qmax ¼ Ash½ðTa � TbÞ þ Bðua � ubÞ� (26)

where As is total surface area of the spine calculated from

As ¼ pdbL
Z1

0

Xn dX (27)

Substituting the total surface area into Eq. (26) will give us the
maximum possible heat transfer rate which can be written as

qmax ¼ kAbm2LðTa � TbÞ


1þ qp

�
(28)

It is important to note that qp represents the mass transfer
component of total heat transfer rate. Introducing the spine effi-
ciency as the ratio of actual total heat transfer rate to maximum
possible heat transfer [21,22], we get from Eqs. (25) and (28)

h ¼ tanhðmLÞ
mL

(29)

2.2. Spine of triangular profile (n¼ 1)

The solution of Eq. (17) for n¼ 1 when subjected to boundary
conditions (20) and (21) gives the temperature distribution along
the spine surface of triangular profile as follows:
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qþ qp

1þ qp
¼ X�1=2

I1
�

2mL
ffiffiffiffi
X
p �

I1ð2mLÞ (30)

The actual heat rate transferred to the spine surface, q can be
calculated by using Eq. (24), this gives

q ¼ kAbmðTa � TbÞ


1þ qp

�I2ð2mLÞ
I1ð2mLÞ (31)

The maximum possible heat transfer rate, qmax, can be calculated by
using Eq. (26) together with Eq. (27) that calculates the spine total
surface area. Therefore, the maximum heat transfer rate is given by

qmax ¼
1
2

kAbm2LðTa � TbÞ


1þ qp

�
(32)

Using Eqs. (31) and (32), the spine efficiency can be expressed as

h ¼ 2
mL

I2ð2mLÞ
I1ð2mLÞ (33)

2.3. Spine of convex parabolic profile (n¼½)

The solution of Eq. (17) for n¼½ when subjected to boundary
conditions (20) and (21) provides the temperature distribution
along the spine surface of convex parabolic profile, in the form,

qþ qp

1þ qp
¼ I0

�
4
3

mLX3=4
�
=I0

�
4
3

mL
�

(34)

The actual heat rate transferred to spine surface, q can be calculated
by using Eq. (24), it gives

q ¼ kAbmðTa � TbÞ


1þ qp

�
I1

�
4
3

mL
�
=I0

�
4
3

mL
�

(35)

As before, the maximum possible heat transfer rate, qmax, can be
calculated by using Eq. (26) together with Eq. (27). Hence the
maximum heat transfer rate can be written as

qmax ¼
2
3

kAbm2LðTa � TbÞ


1þ qp

�
(36)

On using Eqs. (35) and (36), spine efficiency of convex parabolic
profile is given by

h ¼ 3=2
mL

I1

�
4
3

mL
�
=I0

�
4
3

mL
�

(37)

2.4. Spine of concave parabolic profile (n¼ 2)

The solution of Eq. (17) for n¼ 2 when subjected to boundary
conditions (20) and (21) gives temperature distribution along the
spine surface of concave parabolic profile in the form

qþ qp

1þ qp
¼ Xð3=2Þð�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð4=9Þm2L2
p

Þ (38)

The actual heat rate transferred to the spine surface, q can be
calculated by using Eq. (24), this results in

q ¼ 3
2

kAb
1
L
ðTa � TbÞ



1þ qp

�0@� 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
2
3

mL
�2

s 1
A (39)

The maximum possible heat transfer rate, qmax, can be calculated by
considering Eq. (26) together with Eq. (27) that calculates the spine
total surface area. Hence, the maximum heat transfer rate is
qmax ¼
1
3

kAbm2LðTa � TbÞ


1þ qp

�
(40)

Using Eqs. (39) and (40) and rearranging, spine efficiency of
concave parabolic profile is given by

h ¼ 2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðð2=3ÞmLÞ2

q (41)

It should be noted that mathematical expressions for spine effi-
ciency of a fully wet spine, as given in Eqs. (29), (33), (37), and (41)
are the same as that for a dry spine case. The only difference is that
the spine parameter m is modified by multiplying mo by
ð1þ b2BÞ1=2. McQuiston [3] and Wu and Bong [7] also obtained an
expression for the fin efficiency under fully wet condition similar to
that one under dry fin efficiency, but only for straight rectangular
fins. In McQuiston’s method, the parameter m is equal to
moð1þ CBÞ1=2, where C is a constant defined in Eq. (10); however, in
Wu’s method, the parameter m is equal to moð1þ b1BÞ1=2, where b1

is defined in Eq. (13). It should be noted that to calculate the
constant b1 we need to know the tip condition, which can only be
determined by an iterative procedure. While in the present work,
the constant b1 is replaced by b2 (refer to Eq. (16)), which is basi-
cally the average slope of saturation line on the psychometric chart
over the temperature range (Tb< Ts< Tdp). This can easily be
calculated without knowing the spine tip condition.
3. Results and discussion

In order to use Eqs. (29), (33), (37), and (41) for spine fin effi-
ciency, the modified spine parameter m should be known. Fig. 3
gives the correction factor, CFfw, which when multiplied by the dry
spine parameter mo, the wet spine parameter m can be calculated. It
can be seen from this figure that the correction factor is a function
of air dew point, Tdp and spine base temperature, Tb. For
a completely wet spine, air dew point should be higher than the
spine base temperature by at least 7 �C. By using Figs. 3 and 4, the
spine efficiency at fully wet condition can easily be established.

To illustrate the results of present work, the overall spine effi-
ciency and temperature distribution on a spine surface have been
calculated for a constant spine base temperature of 7 �C and
a range of relative humidities. To facilitate a comparison between
these results and those of others, the relative humidity is used here
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instead of the air humidity ratio, which is one of the important
variables in the equations discussed in the previous section.

In Figs. 5–8, temperature distribution over the spine surface is
plotted against the dimensionless distance from spine tip, X, for
relative humidities, RH¼ 60, 80 and 100%. For these three values of
relative humidities, 60, 80 and 100%, the tip temperature is found to
be below the dew point of air; therefore, the spine is fully wet. It can
be seen that at the same location on spine, the temperature
difference between the air and spine surface is smaller for a wet
spine than for a dry one. As a result, the surface temperature
increases (because of heat release due to latent heat of condensa-
tion) when there is moisture condensation. It is important to note
that higher the relative humidity, the higher surface temperature
becomes.

For comparison purpose, the spine efficiency obtained from
present work is compared with that obtained by various other
methods [2,3,7] under fully wet condition. Table 1 shows compar-
ative results of a straight rectangular fin for a relative humidity (RH)
ranging from 40 to 100%. The value of fin parameter (moL) is chosen
to be equal to 0.8. It should be noted that in using the method of
McQuiston [3], spine efficiency depends strongly on RH, whereas in
the methods of Kuehn et al. [2], Wu and Bong [7] and the present
work, spine efficiency decreases slightly with the increase of RH.
We notice that Wu and Bong’s [7] approach agrees very well with
the present results. It is, however, important to note that in Wu and
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Bong’s method it is not possible to calculate the spine efficiency
without knowing the tip temperature. On the other hand, there is
a small difference in the spine efficiency obtained from the present
(direct) analytical approach and that obtained using Wu and Bong’s
method. This difference depends on the values of moL and RH. For
the entire range of RH and moL studied, we found that the
percentage difference reaches to a maximum of 4.5% at a relative
humidity value of 40% and spine (fin) parameter moL¼ 1.2.

The effect of variation in atmospheric pressure on the combined
heat and mass transfer process has not been taken into consider-
ation in any previous study reported in the open literature for spine
fins. We know that all the psychometric properties do change with
the variations in atmospheric pressure. It may happen that the heat
exchanger equipments are located at high altitudes from the sea
level, which means that the atmospheric pressure is different than
the standard. Fig. 9 shows the efficiency of different spine fin
profiles against relative humidity of air at different atmospheric
pressures. In general, it can be seen that the spine efficiency
increases with the increase of the atmospheric pressure. In theory,
when the atmospheric pressure increases the humidity ratio of air
will also increase. This increases the driving force of mass transfer
process on the spine surface and hence increases the heat transfer
rate due to the condensation process.
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4. Optimum spine dimensions

Spine fins shown in Fig. 2 are commonly used in many heat
transfer applications where cooling and dehumidification
processes occur, simultaneously. As with other fins’ geometries,
weight and material cost of extended surfaces are very important.
Therefore, spine dimensions should be optimized so that the least
amount of spine material be used to dissipate a given amount of
heat flow, or alternatively that the highest dissipation rate be
obtained from a given volume of spine material.

Schneider [23] provided analytical expressions for optimum fin
thickness for different straight fin profiles based on dry surface
conditions. An analytical expression was also derived by Sonn and
Bar-Cohen [24] to give the optimum pin fin diameter for maximum
heat dissipation rate. This expression was based on dry pin fin
condition. Brown [25] derived an equation for a dry annular fin
relating the optimum dimensions to the heat transfer rate and
thermal properties of the fin and heat transfer coefficient. This
relation was presented graphically in terms of suitable dimen-
sionless parameters but again based on dry fin condition. Kundu
and Das [14] recently established design curves to obtain optimum
thickness of rectangular fins under fully and partially wet condi-
tions. He used the same linear relation between humidity ratio and
temperature that requires an iterative solution as that used by Wu
and Bong [7]. It should, however, be noted that there is no closed-
form analytical solution that can be used to determine the optimum
spine dimensions when simultaneous heat and mass transfer
occurs. It is, therefore, goal of this section to present optimum spine
dimensions which gives the maximum heat transfer rate for
longitudinal spines.

The optimum spine (fin) dimensions may be defined as those for
which the spine will dissipate the maximum quantity of heat.
Table 1
Comparison of the rectangular straight fin efficiency.

RH (%) Kuehn et al. [2] McQuiston [3] Wu and Bon

40 0.660 0.790 0.670
50 0.657 0.758 0.667
60 0.653 0.727 0.663
70 0.650 0.695 0.660
80 0.647 0.663 0.657
90 0.643 0.632 0.653
100 0.640 0.600 0.650
Therefore, for any given spine profile, the optimum spine base
diameter is obtained by keeping all parameters constant and
considering db as the only independent variable in the heat transfer
equation. The maximum heat transfer rate from the spine can be
obtained by differentiating with respect to db and equating to zero.

4.1. Optimum dimensions for a spine of rectangular profile (n¼ 0)

The total heat transfer rate from the pin fin (spine of rectangular
profile) surface when simultaneous heat and mass transfer occur is
given by Eq. (25) which can be rewritten as

q
p=4kðTa � TbÞ



1þ qp

� ¼ p
4

d4
b

V
l tanhðlÞ (42)

where l is a dimensionless parameter given by

l ¼ 4
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

d5=2
b

(43)

and V is the spine volume which is considered as a constant value,
written as

V ¼ p
4

d2
bL (44)

Calculating the derivativedq=ddb ¼ 0, we get

5l sech2ðlÞ ¼ 3tanhðlÞ (45)

The positive root of Eq. (45) is

lopt ¼ 0:9193 (46)
g [7] Present approach % Difference with Wu and Bong [7]

0.695 3.6
0.682 2.2
0.671 1.2
0.661 0.2
0.651 �0.9
0.643 �1.6
0.634 �2.5
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Therefore, the optimum base diameter for spine of rectangular
profile for a fixed volume is

db;opt ¼
"

4
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

0:9193

#2=5

(47)

4.2. Optimum dimensions for a spine of triangular profile (n¼ 1)

The total heat transfer rate from spine of triangular profile
surface when simultaneous heat and mass transfer occur is given
by Eq. (31) which can be rewritten as

q
ðp=4ÞkðTa � TbÞ



1þ qp

� ¼ p
24

d4
b

V
l

I2ðlÞ
I1ðlÞ

(48)

where

l ¼ 24
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

d5=2
b

(49)

V ¼ p
12

d2
bL (50)

and on calculating the derivative dq=ddb ¼ 0, we obtain

6I1ðlÞ I2ðlÞ þ 5lI2ðlÞ½I0ðlÞ þ I2ðlÞ� ¼ 5lI1ðlÞ½I1ðlÞ þ I3ðlÞ� (51)

Finding the positive root of Eq. (51), we obtain

lopt ¼ 2:8643 (52)

Thus, the optimum base diameter for the spine of triangular profile
that has a constant profile area can be expressed as

db;opt ¼
"

24
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

2:8643

#2=5

(53)

4.3. Optimum dimensions for a spine of convex parabolic profile
(n¼½)

The total heat transfer rate from the convex parabolic spine
surface when simultaneous heat and mass transfer occur is given
by Eq. (35) which can also be rewritten as

q
ðp=4ÞkðTa � TbÞ



1þ qp

� ¼ 3p
32

d4
b

V
l

I1ðlÞ
I0ðlÞ

(54)

where

l ¼ 32
3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

d5=2
b

(55)

V ¼ p
8

d2
bL (56)

and on calculating the derivative dq=ddb ¼ 0, we get as

6I1ðlÞI0ðlÞ þ 10lI1ðlÞ ¼ 5lI0ðlÞ½I0ðlÞ þ I2ðlÞ� (57)

Finding the positive root of Eq. (57), we obtain

lopt ¼ 1:4906 (58)

Therefore, the optimum base diameter for the spine of convex
parabolic fixed profile area is
db;opt ¼
"

32
3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

1:4906

#2=5

(59)

4.4. Optimum dimensions for a spine of concave parabolic profile
(n¼ 2)

The total heat transfer rate from the spine of concave parabolic
surface when simultaneous heat and mass transfer occur is given
by Eq. (39) which can be rewritten as

q
ðp=4ÞkðTa � TbÞ



1þ qp

� ¼ 3p
40

d4
b

V

�
� 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ l2

q �
(60)

where

l ¼ 40
3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

d5=2
b

(61)

V ¼ p
20

d2
bL (62)

and on forming the derivative, dq=ddb ¼ 0 we obtain

l2 ¼ 5:25 (63)

This gives

lopt ¼ 2:2913 (64)

The optimum thickness for the concave parabolic spine of fixed
profile area is therefore,

db;opt ¼
"

40
3p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4h
k
ð1þ b2BÞ

r
V

2:2913

#2=5

(65)

From Eqs. (47), (53), (59), and (65), the dimensionless optimum
thickness can also be expressed as

d*
b;opt ¼

d5
b;opt

V2ð4h=kÞ
¼ ð1þ b2BÞ

�
N

lopt

�2

(66)

where ðN=loptÞ ¼ ð4=0:9193pÞ; ð24=2:8643pÞ; ð32=4:4718pÞ; and
ð40=6:8739pÞ, for rectangular, triangular, convex parabolic and
concave parabolic spines, respectively. The dimensionless spine
diameter given by above equation is presented as a function of mass
transfer correction factor (1þ b2B), which is plotted in Fig. 10. It is
important to note that dry spine case results are presented by
(1þ b2B)¼ 1 in this plot (that is, B¼ 0). It is clear from this figure
that the optimum base diameter increases linearly with the mass
transfer correction factor.
5. Concluding remarks

A closed-form analytical solution has been obtained for the
efficiency as well as the total heat transfer rate of spine fins when
operating under fully wet conditions. The following conclusions
can be drawn from this study:

(a) A modified linear approximation model has been introduced in
this work for the relation between the humidity ratio and the
temperature over the spine surface.

(b) The modified linear approximation model for the relationship
between humidity ratio and temperature can be used without
knowing temperature at the spine tip.
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(c) A correction chart is provided to correct the value of fin
parameter in dry condition, mo, into the fin parameter for fully
wet condition.

(d) For fully wet condition, the results of present work show that
overall spine efficiency is dependent on atmospheric pressure.
As atmospheric pressure increases, the overall spine efficiency
also increases.

(e) A dimensionless optimum spine base diameter has been
introduced in this work which can be determined for both dry
and fully wet conditions.
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